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Two-Layer Model of Turbulent Boundary Layers
BARRY L. REEVES*

Avco Systems Division, Wilmington, Mass.

A small cross-flow model of two- and three-dimensional compressible turbulent boundary layers is developed
which is based on an explicit inner-outer layer approach. The lateral extent of the inner (wall) layer is treated as
a separate length scale and is found as one of the dependent variables of a system of ordinary differential equations
in the streamwise direction. It is shown that the interaction of the inner and outer layers and thus the
whole history of the flow determines this length scale. Results of the model have been compared with a number of
experiments for flows in strong positive and negative pressure gradients and flows with surface mass injection.
Results are presented here for several flows with rapid departures from fluid dynamic equilibrium, including the
approach to separation.

Nomenclature
a
a* -
A2 =
B
B =
Cf =
C" ' =

= sonic velocity

parameter in Crocco integral for wall layer, Eq. (24)
parameter in Crocco integral for wall layer, Eq. (25)
empirical "constant" in law of the wall
skin-friction coefficient, Eq. (38), Cf = 2Cf
(ur/ue)2 or (hJhe)Cf

CH = Stanton number
Cp — specific heat at constant pressure
F = inverse turbulent Reynolds number in outer layer, Eq. (48)
h = static enthalpy
h+ = h/hw
H = stagnation enthalpy
H = H/He
Jt •= flux integrals in inner layer, Eqs. (30, 31, 33, and 34)
K = empirical constant in law of the wall, K = 0.41
/ = mixing length
L = reference length in coordinate transformation, Eq. (6)
Me = Mach number at edge of boundary layer
m = exponent of stagnation enthalpy profiles in outer layer, Eq. (36)
me = [(y-l)/2]Me

2

m = mass flux in inner layer
M = surface mass injection parameter pw vjpe ue
n = exponent of velocity profiles in outer layer, Eq. (35)
p = static pressure
Prt = turbulent Prandtl number
q ' — heat flux
r(x) = spreading metric of inviscid streamlines
Rey = y+/(u,/ue)
St = modified Stanton number, Eq. (37)
u,v = velocity components in physical coordinates x, y, respectively
u,v = velocity components in transformed, "two-dimensional" co-

ordinates x, y, respectively
U,V = velocity components in transformed, constant density co-

ordinates X, y, respectively
U = U/Ue
U + = M/Mt

i/T = friction velocity, (rw/pw)1/2

ym = thickness of inner layer (match point)

y = ratio of specific heats
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6 = thickness of outer layer in transformed, constant density
coordinates X, Y

6e — thickness of boundary layer (two-dimensional)
£,•* = "incompressible" displacement thickness
d* = displacement thickness (two-dimensional)
$e, $* = thickness and displacement thickness in physical coordinates
e = turbulent eddy viscosity
a — exponent in temperature viscosity law, \JL ~ Tff

Y\ = normalized coordinate in outer layer, Eq. (39)
9 = momentum thickness (two-dimensional)
9 = momentum thickness in physical coordinates
H = viscosity
v = kinematic viscosity
£ = u/ue
p — density
T = stress
\l/ = stream function
co = exponent in eddy viscosity variation across outer layer, Eq. (46)

Subscripts
e = edge of boundary layer
m = at match point ym
o = isentropic stagnation conditions behind normal shock, also

initial conditions
s = local stagnation conditions at edge of layer
w = wall conditions

I. Introduction

ACCURATE prediction of turbulent boundary layers about
re-entry bodies is of critical importance in calculating wall

friction and heat transfer, observables, communication (guidance
and telemetry), and re-entry aerodynamics in general. Recently,
interest in maneuvering and lifting re-entry vehicles and advanced
nosetips has placed added emphasis on developing a method
capable of predicting two- and three-dimensional turbulent
boundary layers in which there are strong and rapid departures
from fluid dynamic equilibrium.

This paper describes a two-layer model developed for this
purpose in which an analytical solution for the inner layer,
based on a compressible law of the wall, is matched with a
moment integral method for the outer layer. The essence of the
model lies in the partitioning of the turbulence production
— (pv)'u'(du/dy) between the inner and outer layers, allowing the
flow to be computed as an inner and outer layer interaction
problem. This interaction is what ultimately determines the
length scale of the inner layer ym. In the two-layer model ym is
one of the dependent variables of a system of differential equa-
tions in the streamwise direction x, and it depends on the whole
history of the flow. Thus, ym is treated as a separate length
scale of the boundary layer which is just as crucial to the
dynamics of the layer as the over-all momentum and displace-
ment thicknesses.
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The physical basis for dividing the layer into inner and outer
layers, with appropriate matching conditions along the common
interface ym, is the experimental demonstration that even in
highly nonequilibrium flows there exists an inner layer in which
turbulence production balances dissipation. The velocity and
enthalpy profiles in this inner layer are accurately described
by a generalized law of the wall, which includes effects of heat
transfer, compressibility, and surface mass injection.1 In terms of
mean flow velocity and enthalpy profiles ym is the point in the
layer where the law of the wall breaks down and turbulence
production no longer balances dissipation. For highly non-
equilibrium flows, the two-layer model predicts that (u/ue) along
the match point, and the relative scale of the inner layer
(ym/$e) itself, are rapidly varying functions of streamwise distance
x. At separation, for example, which now can be predicted by
the model if the pressure distribution is prescribed, Cf -> 0,
ym/$e -> 0 and (u/ue)m -> 0 so that the boundary layer is
dominated by the outer layer (or by the "wake component"
in the terminology of Coles2). One of the unique features of the
model is that the stability of the system of ordinary differential
equations can be used to establish upper and lower bounds on
the turbulent production integral J i du in the outer layer. Stable
solutions up to Mach 10 for a wide range of wall-to-freestream
temperature ratios, pressure gradients, and surface mass transfer
rates show that compressibility has little effect on the properly
normalized lateral stress profiles, confirming some observations
of Maise and McDonald.3

In Ref. 4, it was shown that the generalized law of the wall
can be inserted into the full conservation equations, which are
then integrated to find the stress i(y) and heat flux q(y) distribu-
tions across the inner layer. The conservation equations are
satisfied exactly in the inner layer, and i and q are "unhooked"
from a simple local determination via the mixing length and
velocity gradient. As we will show, this "unhooking" of the stress
and heat flux from local quantities is essential for accurate
calculations of highly nonequilibrium boundary layers.

II. Turbulent Boundary-Layer Model
Equations of Motion and Coordinate Systems

If the boundary-layer equations are written following inviscid
streamlines and the cross flow in the boundary layer normal to
the local inviscid streamline direction can be assumed small, the
mean flow equations are

with
= u\ v = v + iiyd(\nr)/dx

O (1)
pu du/dx + pv du/dy = — dpjdx + di/dy (2)
pu dH/dx + pv dH/dy = (d/dy) (q + m) (3)

where r(x) is the spreading metric determined by the inviscid
flow streamline geometry. The uncoupled small cross-flow
momentum equation is neglected, and it is assumed that the
additional contributions to turbulent stress and heat flux
resulting from fluctuations in the cross-flow velocity are small
as well. Thus,

= n du/dy — (pv)'ur (4)

and
q = kdh/dy-(ov)'h' (5)

Clearly, for a body at large angle o) attack, these stress and
heat flux models will break down on the leeward side because
strong cross flows with additional contributions to the Reynolds
stress have to be included, along with interaction with the outer
flow.4

The explicit appearance of the spreading metric in the
equations of motion can be eliminated by means of a modified
Mangier transformation. Although it turns out that r(x) later
appears in a constant of integration in the compressible law of the
wall, the transformation is convenient since it is possible to
remove r from the continuity equation without transforming the
stress or heat flux. Letting

dx = [r(x)/L] dx; dy = [r(x)/L] dy (6)

Equations (1-3) become

du du dpepu-- + pv— = -
ex cy dx

dr
"Sy

dH dH d
pu — + pv— =—(q + w)ex cy cy

(7)

(8)

(9)

(10)

where i and q are still defined by Eqs. (4) and (5). Solution
of the inner layer is obtained directly using Eqs. (8-10) with-
out further transformation of the coordinates to remove the
explicit appearance of the density. The reason for this is twofold.
First, within the framework of the present model for the inner
layer an analytic solution can be obtained without introducing
a compressibility transformation. Second, Maise and McDonald3

have shown that a compressibility transformation leads to
generally poor results for the turbulent stress distributions
across the boundary layer even for constant pressure adiabatic
flows. They also showed poor correlation of experimental velocity
profiles using the transformation for constant pressure flows with
heat transfer. More recently, Lewis et al.5 attempted to generalize
Coles' transformation but they also found significant deviation
between experimental velocity profiles and profiles predicted
using the transformation, especially in the wall layer. They
showed that the discrepancy between profiles increased with
increasing Mach number so that for flow on a flat plate at Mach
6, for example, a difference of 20% in velocity profiles can be
expected. The reason for this is that conventional compressibility
transformations cannot give the proper scaling to reproduce the
generalized law of wall in the inner layer. The only transforma-
tion which can accomplish this is given by du = (p/pY/2dU,
but this fails in the outer layer.

In the outer wakelike layer, however, where we use an integral
moment method, a compressibility transformation is used merely
to remove the explicit appearance of the density from Eqs. (8-10).
This can be accomplished without transforming the stress and
heat flux by letting

dX = dx, dY = (ae/a0)(p/Po)dy (11)
^ = <A, U = (a0/ae)u
V = (p/Po)v+U(dY/dx)

so that Eqs. (8-10) become

dH dH 1 d

(13)

(14)

(15)

Here i and q are still the physical stress and heat flux defined
by Eqs. (4) and (5). We do not require transformation of i and
q to an equivalent low-speed flow. Equations (13-15) are used
to develop the integral moment equations for the outer layer.

With the equations of motion and proper coordinate systems
developed for the inner and outer layers, we now proceed to
the turbulence model used in the two-layer model.

Turbulence Model
In order to develop a scheme for solving Eqs. (1-3), it is

necessary to have some knowledge either of the relationships
between i, q and mean flow quantities p, u, H (provided such
relationships exist) or have additional independent differential
equations for i and q. Several model transport equations6'7 for
the stress and heat flux based on the latter approach have been
developed recently and, hopefully, these will provide new insight
into the way the stress and heat flux respond to changes in
boundary conditions as the flow proceeds downstream. To date,
however, all these approaches using model transport equations
for i and q have had to invoke assumptions for closure of the
higher correlation functions whose physical basis has only been
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demonstrated in incompressible flows. At moderate Mach
numbers, however (up to Me ~ 9), there is much experimental
evidence that the turbulent boundary layer may be divided into
an inner wall layer and an outer wake layer, as in incompressible
flow. In the wall layer, the properly normalized experimental
velocity and enthalpy profiles have been shown to be functions
of the local wall stress, heat flux, injection rate, and wall
temperature but are virtually independent of the upstream history
of the layer.8'9 This is precisely the result predicted by the thin-
layer Couette model which leads to a compressible law of the
wall and a Crocco integral for the inner layer. For flows with
surface mass injection, Danberg and Squire have shown that this
same model accurately predicts the velocity distribution in the
wall layer. In fact, the experimental evidence for the Van Driest10

form of the law of the wall for M = 0 and the Squire form
of this law for M / 0 is now so strong that model transport
equations for the turbulent stress either "reduce" to this law
near the wall or are matched to it. Even for flows in positive
or negative pressure gradients, there is experimental evidence
that the law of the wall gives an accurate representation of the
velocity profile over some distance ym away from the surface.
If we accept the generalized law of the wall as being applicable
to flows with surface mass injection and pressure gradient, the
remaining questions to be answered insofar as the inner layer is
concerned are a) the determination of the lateral stress and heat
flux profiles, which are required for matching with the outer layer,
and b) calculation of the distance from the surface ym at which
the velocity profile departs from the law of the wall (and where
the stagnation enthalpy departs from the linear Crocco integral).
Following Coles'2 analysis for incompressible flows, the stress
and heat flux profiles can be found by inserting the wall law into
the full momentum and energy equations and integrating these
equations away from the surface. In this way the stress and heat
flux in the inner layer depend on the past history of the layer, as
well as on local properties, and are "unhooked" from a purely
local determination through the mixing length and local velocity
gradient. Taking this approach, the momentum and energy
equations now serve as the transport equations for T and q.

We now consider the outer layer, where the evaluation of the
stress and heat flux is much more questionable. For non-
equilibrium flows, it is generally accepted that the stress in the
outer layer depends on the whole history of the layer and cannot
be found from local mean flow properties. Contrary to the situa-
tion for equilibrium layers, the use of an eddy viscosity or mixing
length should be held suspect because, in general, there is no
simple proportionality between the turbulent stress^and mean
flow velocity gradient applicable across all the outer layer. It
follows, then, that the relative scale of the inner and outer
layers ym cannot be determined simply from the local mixing
length and velocity gradient, as is usually assumed in conven-
tional finite-difference methods,* * •12 but it also must respond to
the whole history of the flow. In the two-layer model a simple
local relation for ym is avoided by matching the stress obtained
from the transport equation in the inner layer with a relation
for the stress applicable in the outer layer. By matching the
stress resulting from the transport equation along the boundary
of the inner and outer layers, and by taking a higher moment
of the momentum equation in the outer layer, ym can be found
as one of the integral properties of the layer.

In the present two-layer model a relation for the stress along
the match point ym is required along with a relation for the
turbulence production integral across the outer layer

(16)

Because the turbulent boundary layer is divided into two more
or less distinct layers, which are free to interact, the model can
be expected to rfcveal certain consequences of this inner and outer
layer interaction that are not quite so apparent in other methods.
Indeed, this turns out to be the case because the two-layer model
provides upper and lower bounds on the magnitude of the
production integral over the outer layer. If estimates for this

integral are made which are too small or too large, integrations of
the system of equations downstream develop instabilities in
which the inner layer rapidly swallows the outer layer for the
former and the outer swallows the inner for the latter. We find
that the production integral over the outer layer cannot be
assumed negligibly small nor can it be evaluated using a constant
eddy viscosity across the outer layer, as was suggested by
Clauser.13 Both assumptions give unstable solutions, although
the Clauser assumption is stable for Mach numbers below about
2.5. Thus, the stability of the system of equations, which reflects
on the stability of the interaction between the inner and outer
layers, provides a means of evaluating the production integral
over the outer layer. This is a most useful result because the
production integral contains the influence of turbulent inter-
mittency at the boundary-layer edge and the effects of long-time
stress "memory" of large eddies in flows which are far from
equilibrium. By evaluating the production integral as though the
density were constant across the outer layer and by using a cubic
variation of e between ym and de with s -> 0 at the outer edge,
stable solutions have been obtained up to Mach 14 for wall to
freestream stagnation temperature ratios between 0.05 and 1.0.
These results for the bounds on the production integral and the
assumptions used to produce stable solutions verify the results of
Maise and McDonald who showed that compressibility has little
effect on experimental stress profiles (when normalized by the
wall stress) up to about Mach 5. A cubic variation of e for
ym < y < $e is also consistent with e variations inferred by Maise
and McDonald3 and Bradshaw14 from various data.

The stress along the match point of the inner and outer
layers is evaluated using the eddy viscosity relation

Thus, while the evaluation of T along ym is subject to some of
the objections of "localness," as we have seen, the location of
the match point where im is evaluated depends on the history
of the layer.

These aspects of the two-layer model, namely the interaction
of inner and outer layers, the determination of ym as a result
of this interaction, and "unhooking" of T and q from local
quantities, are the key features of the turbulence model that
distinguish the model from conventional finite-difference
methods. A kind of two-layer structure is also implicit in finite-
difference methods, but the relative scale of the inner and outer
layers is set once and for all by the specification of a universal
distribution of the mixing length (or eddy viscosity). Moreover,
this universal distribution is usually specified on the basis of
experimental data obtained from equilibrium layers or from
layers close to equilibrium.1 1>12 For example, one of the conven-
tional assumptions is that outside the sublayer, the mixing length
increases with y according to / = 0.4 ly until it attains the value
/ = 0.09c)e in the outer layer. This implies a relative scale for the
inner layer of ym/Se = 0.22 independent of the magnitude of the
pressure gradient ! Both experiments and results computed using
the two-layer model have shown that this relative scale is only
valid for flows in zero or weak pressure gradients in or near
equilibrium. In large positive pressure gradients, the inner layer
may become vanishingly small, while in large negative pressure
gradients, ym maybe of the order of the boundary-layer thickness.

Although T is "unhooked" from local quantities in the two-
layer model, results of solutions can be used to go back and
compute the variation of the mixing length from the formal
definition, i.e., from

T = pl2(du/dy)2 (18)
outside the sublayer. The result for the variation of / in the
inner layer is

)/iwY12 (19)t

t At a separation point (TW = 0) the two-layer model predicts that
the inner layer vanishes, which is precisely what Coles hypothesized
with his law of the wall, law of the wake profiles. Of course, this
variation of mixing length away from the surface applies only outside
the sublayer.
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Thus, while conventional methods assume that / grows as a
universal constant times y, the two-layer model predicts a non-
linear variation of / with y whenever there are large pressure
gradients or rapid departures from fluid dynamic equilibrium.
For flows in positive pressure gradients, or for boundary layers
relaxing after the sudden removal of a positive pressure gradient,
r(y) > TW in the inner layer and the mixing length is predicted
to increase more rapidly than 0.4 ly away from the surface. This
behavior is borne out by the experimental data obtained by
Bradshaw and Ferriss14 (and by the analysis of their data and
other data by Glowacki and Chi15) and by the data of Sturek
and Danberg.16'17 Bradshaw and Ferriss found that in a
constant-pressure boundary layer immediately following the
removal of a positive-pressure gradient, l/y was as large as 0.61
in the inner layer.

In their experiments on sudden changes in surface roughness,
Antonia and Luxton18 measured large deviations from / = 0.4 ly
in the inner layer, and they observed a dependence of / on T1/2.

III. Solution of Inner Layer and Matching Conditions
Using a first-order Couette model of the flow near the wall, a

generalized law of the wall for the velocity and enthalpy with
surface mass injection is obtained. These velocity and enthalpy
profiles are then inserted back into the full continuity,
momentum, and energy equations, which are integrated away
from the surface to give the stress, heat flux, and mass flux at
the outer edge of the inner layer. This operation "unhooks"
the stress and heat flux from local quantities such as the velocity
and enthalpy gradients and mixing length. The velocity, enthalpy,
stress, heat flux, and mass flux at the edge of the wall layer can be
obtained analytically, and these expressions, along with certain
auxiliary relations for normal and streamwise derivatives of the
velocity and enthalpy, are used for matching with the integral
method in the outer layer. One of the key features of the present
two-layer model is that matching with the outer layer ultimately
determines the lateral extent of the wall layer (or, in Coles'
terminology, the strength of the wake component); it is not
specified in advance in terms of the eddy viscosity or mixing
length variation.

With the possible exception of boundary layers in very strong
negative pressure gradients, in which the layer may relaminarize,
we assume that a wall layer exists where the velocity and
enthalpy profiles are closely approximated by a Couette flow
model. Treating only the fully turbulent part of the wall layer
(in the first approximation) and setting Prt = 1, the first-order
equations for the stress and heat flux, obtained by integrating
the momentum and energy equations away from the surface, are

u = pK2y2(du/dy)2 (20)

w(H-Hw) = pK2y^u/dy)(dh/dy) (21)
Dividing the second equation by the first and integrating the
result gives a Crocco integral, which is always valid in the inner
layer independent of pressure gradient or surface mass injection

H/Hw=\+B(u/ue) (22)

where, in general, B = B(x). It is only in the special case of zero
pressure gradient equilibrium layers that Eq. (22) applies in the
outer layer as well, and in this case B is constant. Also

(23)
where

h/hw = 1 + B(u/ue)- A2(u/ue)2

A2 = [_me/(l+me)](He/Hw)
B = [2me/(l +me)-\(HJHv)(StlCf)

(24)
(25)

Substituting for p = pw(hjh) in the expression for t(y), defining
M = pwvjpeue and integrating from the edge of the laminar
sublayer to any point y+ = yujvw, with ^ = u/ue, gives

1/2 = (l+me)-w 1 y+

K

which can be written, after changing the limits of integration

'-1"- ———————————-K
where B is the empirical "constant"

B=-±\nys
++(hw/he)-112

Whereas in incompressible flow 5 = 5, the experiments of
Danberg and Squire at supersonic speeds have demonstrated
that B is a function of M, which can be approximated by the
curve fits{
0 = Me ^ 3.5: B = 5[l-0.6x 103M(Me/3.5)]3/2l _
3.5 ^Me: B = 5[l-0.6 x 103M]
Defining §
d = [B-(B2 + 4A2)1/2y2A2, C2 =

C3 = Cf/M, k2 = (C2 - CJ

and since
lny+ =lnj;++lnL/r

the compressible law of the wall becomes

(l/K) In [(C/)1/2 Rey-] + (l/K) In (L/r) + B (26)
where

'.*) =
dO

„ *Rev = —
Po

fH,

(27)

(28)

(29)

For M = 0, k = 0 the elliptic integrals ^(0, k) reduce to arcsin
functions, and the law of the wall is given by the Van Driest
"generalized" velocity distribution.10 Evaluating the law of the
wall at ym gives the velocity ratio (u/ue)m = Um along the match
point. Actually, what we require for matching with the outer layer
is the streamwise derivative of (u/ue)m, which is found by
differentiating the law of the wall.4

With the velocity profile given by the law of the wall and the
enthalpy profile given by the Crocco integral in the inner layer,
exact expressions for the stress and heat flux at ym can be obtained
by integrating the momentum and energy equations away from
the surface, i.e.,

dp d ,
= ̂ -ym + ̂ - pu(u-um)dydx

dum

' dx ' pwvwum (30)

and

- = — -^—
WB Cym 1
—— pu(u-um)dy -
ue Jo J

f3"" dHmpudy-^— +
Jo dx \ ue

(31)

J Contrary to the data obtained by Danberg,9 which showed an
effect of Hw/He on the additive constant B in the compressible law of
the wall, more recent profile data shows very little, if any, effect of
Hw/He on B. The measurements of Laderman and Demetriades19 at
Me = 9.4, HJHe = 0.38 _and Owen and Horstman20 at Me = 7.2,
Hw/He = 0.47 show that B is virtually unchanged from the incompres-
sible value (B = 5), while the measurements of Lewis_and Gran21 at
Me = 4, HJHe = 0.35 show only a slight increase in B (to about 5.5).
Some of Danberg's data was obtained at values of Ree that may not
have been sufficient to ensure a fully developed turbulent layer.

§ For large blowing, sin2 9 and k2 are redefined, i.e., k2 = (C3 + C2)/
(C2 - Cj) and sin2 0 = (C2 - f)/(C2 + C3) so that k2 is always less than
one.
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where the integrals in these expressions are evaluated using
Eqs. (23) and (26). For example, if

C=
J

pu—— t
o pwue

and o pwueue ue
then

which can be integrated repeatedly by parts if

to give

(32)

where (I/a) ~ 0(C/
1/2) < 1. By approximating h/hw ~ hjhw in

f(£) and g(£) and H-fM/C^^ l+fM/C^ in /(£), the
preceding series truncates with the term 0(a-1) for Jlt and
0(oT2)for J2sothatH

=
1

(M»»)

= _J_/V\ . V*y*

l + cf' '(33)

K\uj(hjhwy
M _ 1/2

M - (34)

The abovementioned expressions for J ± and J2 are the key
results for evaluating the stress, heat flux, and mass flux at the
outer edge of the inner layer. Inspection of Eqs. (30-34) shows
that the stress and heat flux at the match point depend on the
streamwise derivatives of mean flow properties at the match
point, and the derivative of ym itself, as well as the derivative
of the stress at the surface. The final forms of these differential
equations are given in Ref. 4.

Solution of the wall layer for velocity, enthalpy, stress, and
heat flux has been obtained analytically in terms of the given
wall and edge conditions (Me, HJHe and M); three "parameters"
(ym, Cf and St), and two empirical "constants" (K and B). By
matching this inner solution with an integral moment method
for the outer layer, the three "parameters" ym, Cf and St are
determined. In addition to u/ue, H/He, T, and q, du/dy and
dH/dy are also matched. These expressions are also given in
Ref. 4, along with certain other auxiliary expressions (such as
dUJdx, dHJdx, etc.) required for the matching.

IV. Moment Integral Method for Outer Layer
In order to determine the relative scale of the inner and outer

layers ym, and the quantities im and qm, a moment integral
method is used in the outer layer. In this layer independent
two-parameter families of profiles are chosen for U and H. The
"free" parameters of the profiles are determined implicitly by
matching with relations obtained for the inner layer (law of the
wall and Crocco integral) for U and H and the lateral and
streamwise derivatives of these quantities along the unknown
match point ym. The profiles selected are power laws of the
form

U=U/Ue=l-(\-Um)(l-r,)", n > 0 (35)
(36)

*l These approximations yield identical results for the leading term
of the series as the exact expressions for / and g, and are used here
to simplify the task of differentiating J2.

where Um, Hm, n, and m are free to vary with x. In order for
a Crocco integral to exist in the outer layer, m must equal n
but, in general, this will not be true. In fact, in terms of the
more conventional definitions

CH= -qw/(Hw-He)peue =
(l + me)(l-HJHe)

Cf = 2iJpeue
2 = 2Cf (38)

it is easy to show that a Crocco integral (m = n) exists in the
outer layer only when the Reynolds analogy holds, i.e., when
CH = Cf/2.

In the abovementioned profile families
= (Y- (39)

where 6 is the thickness of the outer layer in the transformed
coordinate

(40)
aoPo

Because the momentum and energy equations are satisfied
exactly in the inner layer using the law of the wall, no new
information would be obtained by integrating the conservation
equations and velocity moment across the inner layer. The
momentum integral, first velocity moment, and energy integral
for the outer layer are obtained by integrating the conservation
equations from Y = Ym to Y = Ym + d.

Momentum Integral— Outer Layer

dx 5dx dx

dfn\-(E i 1}
d

~ - 1 - ^ - ^

M(1-UJ

'.U.dxJ

First Velocity Moment—Outer Layer

-6A3
d-^+6A4^+I6f + (pJp
dx dx dx

M, dx

1 dm
VPdx

J 21 } 6 dMe
2~ /6~2/3) Me~dx"

(42)

Energy Integral— Outer Layer

dx dx dx dx

x Jv.
dMP1 dm\ ^ _ d_

p0 Ue dx ) 4 Me dx

(43)

where the integral functions Ait Bb Eif and 7f are given in Ref. 4.
The equations for m/p0 Ue and the normalized stress and heat
flux at ym, obtained from the inner layer, are given in Ref. 4.
The term involving the integral of the turbulent stress across
the outer layer in the velocity moment (the turbulence
production) is

(44)
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On the basis of stability of solutions (Sec. II and VI) we
evaluate t/rm in the outer layer as though the density is constant,

(45)

Since e ->0 at the edge of layer, the lateral variation of e in the
outer layer can be approximated by

e/fi^l-if (46)
where, according to measurements by Bradshaw and the analysis
of data for supersonic layers by Maise and McDonald, co has a
value around 2 or 3. On the basis of stability of solutions over a
wide range of Mach numbers, we tentatively select the value
co = 3 (see discussion in Sec. II and VI).

Finally, a relation for im is obtained in terms of the eddy
viscosity and velocity gradient at the matching point ym. The
length scale for the eddy viscosity is the constant-density
displacement thickness

5t*= (l-u/ue)dy

and

Then, since
= Fue$i*. ~ 0.018

(47)

(48)

and (du/dy)m is known from the solution of the inner layer, the
normalized stress along ym is given by

2aep
F'(dt*/d)a*n (49)

With the three integral equations for the outer layer, the
preceding equation for rm, and the matching relations with the
inner layer, the system of ordinary differential equations can be
integrated downstream. Since the solution of the inner layer
involves three "parameters" (Cf, St, and ym\ and the unknown
in the outer layer is <5, these four quantities must be specified at
the initial station in order to form all other quantities (n, m, etc.)
and all the initial streamwise derivatives. From the equations for
Ji and J2 in the inner layer and the integral functions in the
outer layer one obtains the following :

me^+1)/2(^1}[.(l+me)E1-meI2]d (50)
Um(\-Um}ym

(hjhe)

By specifying Cf, CH, de and 9 at the initial station, the above-
mentioned expressions and matching conditions are used to
calculate the remaining unknowns: ym, Um, 6, m, n, Hm, and B.
These variables are sufficient to determine the initial velocity and
enthalpy profiles and all initial streamwise derivatives.

V. Some Computer Results and Experimental
Comparisons

By specifying initial values for Se, 9, Cf, and CH, and also the
unit stagnation Reynolds number, where if ^ ~ Ta

Equations (23, 26, 50, and 51) are solved simultaneously to give
all the necessary starting conditions. A set of nine nonlinear
differential equations is then integrated to give the solution
downstream of the initial station. These differential equations
are the momentum, first moment, and energy equations for the
outer layer, the equation for im from the inner layer, and
equations obtained by differentiating the relations for Um, Hm,
m, n, and B with respect to x. The method used to solve the
system, which is linear when solving for the derivatives, uses
gauss elimination with partial pivoting, with an iterative routine

to improve the solution. A comparison of this method of solving
systems of linear equations with other techniques is given in
Ref. 22. For zero pressure gradient, nonadiabatic flows the
average computing time on an IBM 360-75 machine is about 15
sec for Ree to increase by a factor of 102.

Computer results have been obtained and are reported in
Ref. 4 for flow over adiabatic and cold walls (0.05 < HJHe < 1)
up to Mach 10, relaxing flows where Cf and/or CH are far from
their equilibrium values initially (or where M is changed abruptly),
boundary layers in strong positive and negative pressure
gradients, and flows in which the rate of surface mass injection
is determined by a local energy balance at the surface (ablation
and transpiration cooling). These have been compared with a
number of experiments, including the low-speed results sum-
marized at the AFOSR-Stanford conference.23 Results are also
presented in Ref. 4 for multiple fast expansions and compressions
(wavy wall) simulating flow over striation and scallop-type rough-
ness observed on re-entry vehicles. These and more recent
calculations have been used to find the phase relations between
heating oscillations and surface waves and to find the conditions
at which the layer separates along the wavetrain.

An example of the inability of conventional finite-difference
methods to account for nonequilibrium effects on turbulence
structure is provided by the experiments by Sturek and
Danberg16'17 for flow over a compression ramp at M^ = 3.5. In
these experiments the Mach number decreased from 3.5 to 2.9
over a streamwise distance of 11 boundary-layer thicknesses,
which is a fairly moderate pressure gradient. Analysis of the
profile data by Sturek16 showed that in the inner layer values of
l/y as large as 0.65 occurred during the compression, compared
to the unique value of 0.41 input into finite-difference solutions.
Solutions for these experimental conditions using the two-layer
model showed that the peak value of l/y in the inner layer,
computed from Eq. (19), increased from 0.40 at the start of the
compression to 0.59 at the last measuring station on the ramp
where Me = 2.9. Moreover, the two-layer model predicted that
the peak value of l/de increased from 0.081 to 0.122 (Sturek's
data showed an increase from 0.08 to 0.134), whereas this peak
value is usually fixed as a unique constant (0.09) in finite-
difference methods.

A comparison of the predictions for the skin-friction coefficient
with data of Sturek and Danberg is shown in Fig. 1. (Measured
velocity profiles for this case are compared with predictions of
the two-layer model in Fig. 2.) The finite-difference calculations
were performed by Sturek using the computer code of Hixon,
Beckwith, and Bushnell.24 The predicted skin friction falls about

X DATA OF STUREK AND DANBERG
——— TWO-LAYER MODEL
—— BECKWITH AND BUSHNELL FINITE

DIFFERENCE (CALCULATED BY STUREK)

1.0

0.9
10
O

x 0.8

0.7

0.6

T I T

METHOD 2-\

J__L
4 6 8 10 12 14
STREAMWISE DISTANCE'-INCHES

16

Fig. 1 Distribution of the skin friction in a positive pressure gradient,
MP -3.51.
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Fig. 2 Velocity profiles in a positive pressure gradient.

23% below the data and below predictions of the two-layer
model.** This discrepancy can be shown to become even more
significant in more severe pressure gradients, particularly at
higher Mach numbers.tt

Some results of the two-layer model for highly nonequilibrium
flows are shown in Figs. 3 and 4. These calculations were
performed in an attempt to simulate (without including inviscid
interaction) flow over compression flaps. For these calculations
it was assumed that full compression (the downstream pressure
corresponding to an isentropic turn to a given flap angle) was
complete over streamwise length scales corresponding to various
multiples of the approach boundary-layer thickness. Figure 3
shows the effect of flap angle on skin friction at M^ = 8 for
compression lengths of only one and two deo. This is equal to, or

Fig. 3 Distribution of the skin friction for various flap angles.

** An altered mixing length distribution tried by Sturek gave even
worse results for C f .

tf On the other hand, these strong pressure induced nonequilibrium
effects are less important in incompressible flows. Global interaction
with the inviscid flow limits the severity of a positive pressure gradient
that can be impressed on the layer.

o
UJ

ffl 10

—— TWO LAYER MODEL\ PRANDTL'MEYER
__ q ~ p 8 J INVISCID FLOW
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: 13.7°

Rea)/FT=2.86XI06

H = I.08XI07FT2/SEC2
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12 14

Fig. 4 Distribution of the surface heat flux for various flap angles.

even less than, the interaction length observed experimentally for
turbulent boundary layers without separation.25 The skin friction
remains positive for flap angles up to 31.3°, but for an angle of
35.5° Cf -> 0 and the layer separates. Thus, the incipient separa-
tion angle is predicted to occur between these two angles, which
is in agreement with the data of Elfstrom25 and Holden26

obtained at about Mach 9. The effect of the length of compres-
sion on Cf can be seen by comparing the solutions for a flap angle
of 31.3°.

The predicted heating distributions show several interesting
features. First, as expected, there is a catastrophic failure of the
Reynolds analogy (the heating increases rapidly despite the drop
in Cf). (The Crocco integral for the enthalpy profiles also breaks
down in this region.) Second, the heating continues to rise after
the end of the compression at (x — x0) = 3.4, revealing strong
nonequilibrium relaxation effects downstream of rapid compres-
sions. Third, in the equilibrium flow far downstream of the com-
pression the theory predicts that q ~ p°-8 scaling is remarkably
good for all flap angles. (Of course, these results do not include
entropy layer swallowing effects produced by the curved com-
pression shock, which, in some cases, can give rise to sharp
heating peaks on the flap.) Results for fast expansions (biconic
shapes) at hypersonic speeds are given in Ref. 4.

VI. Conclusions
All results reported here have been obtained by evaluating

the turbulent production integral over the outer layer using a
cubic variation of £ between ym and de[a> = 3 in Eq. (46)]. Stable
solutions, in the sense that the power-law exponent n in the outer
layer velocity profile remains bounded, have been obtained for
negative and positive pressure gradients, with cold and adiabatic
walls, up to Mach 10. It is really quite remarkable that the
evaluation of the production integral with a simple cubic
variation of e produces stable solutions for such a wide range of
flow conditions. For incompressible flow in zero pressure
gradient, for example, a constant value of the production integral
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Fig. 5 Skin-friction distributions in a negative pressure gradient with
various values of co in turbulent production integral.

OLO = 0.18 gives a downstream solution of the type n -> oo, while
a value a0 = 0.09 gives a solution in which n -> 0. Moreover, these
instabilities occur after a streamwise distance of only about ten
boundary-layer thicknesses. Despite this rather sensitive depen-
dence of the streamwise variation of n on the magnitude of a0,
the values of Cf along the integral curves differ by less than
1% for «0 = 0.18 and a0 = 0.09. Clearly then, the stability of the
interaction between the inner and outer layers is much more
sensitive to the level of turbulence production in the outer layer
than is the streamwise development of the layer as a whole. In
other words, as long as a way of calculating a0 can be found
which keeps the inner-outer layer interaction stable (n finite), the
results for Cf(x), 9(x), etc., should be within a few percent of the
results of all other stable solutions obtained with slightly
different methods of calculating a0. This is true whether a0 is
computed using eddy viscosity or other, more sophisticated,
stress models.

Solutions for boundary layers in sustained expansions have
exhibited instabilities of the type n ->• oo for co = 3 so that the
cubic variation of ^/£m obviously cannot be considered
"universal." Because for this type of instability (n -> oo) a0, and
hence co, must be decreased to produce stable solutions, a
quadratic or even linear variation of s/sm across the outer layer
may be required. An example of the unstable behavior in a
sustained expansion is shown in Fig. 5. The calculations were
performed for a flow in which the inviscid Mach number
increases linearly from 1.5 to 4.5 over a streamwise distance
equal to 660 times the initial boundary-layer thickness. Solutions
were performed for co = 1, 2 and 3, starting with an initial
boundary layer in equilibrium for zero pressure gradient at
Ree = 104. As indicated in the figure, n grows to 103 for co = 3
and 2 at x/Seo = 390 and 430, respectively. Both solutions are
unstable with n increasing exponentially at these values of x. The
solution for n = 1 is stable throughout the expansion, with
n = 27.6 at the end of the run. Despite the wide difference in
the stability characteristics of the solutions, Fig. 5 shows that
the maximum difference in Cf along the integral curves for the
three values of co is only about 4%. A stable solution is found
by lowering the value of co (decreasing a0) from 3 to 1 but the
effect of this operation on the boundary-layer solution is
practically negligible. Consequently, it appears that the two-layer
model can provide quantitative results for the streamwise varia-
tion of the turbulence production in the outer layer simply on
the basis of the stability of the inner-outer layer interaction.
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